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1 Introduction
The problem of motion of a rigid body in a liquid has attracted the attention of scientists
for more than a century. The first systematic study of this subject was initiated by the
pioneering works by Kirchhoff [21] and Kelvin [28], regarding the motion of one or more
bodies in an inviscid liquid. After that many mathematicians have furnished significant
contributions to this field under different assumptions on the body and on the fluid. We
would like to quote the work of Brenner [3] concerning the steady motion of one or more
bodies in a linear viscous liquid in the Stokes approximation as well as Weinberger [29],
[30], Serre [27] regarding the fall of a body in an incompressible Navier–Stokes fluid under
the influence of gravity and Borchers [1] for the existence of a weak solution. Among more
recent articles we refer to Hishida [17], [18], Farwig, Hishida and Mu¨ller [7], Farwig [5], [6],
Farwig, Neustupa [9], Farwig, Krbec, Necˇasova´ [8], Galdi [11], [12], Galdi, Silvestre [13], [14],
Geissert, Heck, Hieber [15], Dintelmann, Geissert, Hieber [4], Hishida, Shibata [19], Gunther,
Hudspeth, Thomann [16], Martin, Starovoitov, Tucsnak [24], Kracˇmar, Necˇasova´, Penel [22],
[23] and references in these papers.
In this paper we consider a three–dimensional rigid body rotating with the constant
angular velocity ω = (0, 0, 1) and we assume that its complement in R3 (denoted by Ω(t) at
time t) is filled with a viscous incompressible fluid. The velocity v = v(y, t) of the moving
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fluid and the pressure q = q(y, t) solve the nonlinear problem
∂tv − ν∆v + v · ∇v +∇q = f˜ for y ∈ Ω(t),
div v = 0 for y ∈ Ω(t),
v(y, t) = ω × y for y ∈ ∂Ω(t),
v(y, t) → 0 as |y| → ∞
(1.1)
where t > 0. The coefficient of viscosity is denoted by ν and f˜ = f˜(y, t) is an external body
force. The time–dependent exterior domain Ω(t) is defined, due to the rotation of the body
with the angular velocity ω, by the formula
Ω(t) = O(t)Ω
where Ω ⊂ R3 is the exterior of the body at time t = 0 and O(t) denotes the orthogonal
matrix
O(t) =
cos t, − sin t, 0sin t, cos t, 0
0, 0, 1
 . (1.2)
After the change of variables
x = O(t)Ty
and passing to the new functions
u(x, t) = O(t)Tv(y, t), p(x, t) = q(y, t)
as well as to the new force term f(x, t) = O(t)T f˜(y, t), we arrive at the modified Navier–
Stokes problem
∂tu− ν∆u+ u · ∇u− (ω × x) · ∇u+ ω × u+∇p = f for x ∈ Ω,
divu = 0 for x ∈ Ω,
u(x, t) = ω × x for x ∈ ∂Ω,
u(x, t) → 0 as |x| → ∞
(1.3)
where t > 0. The first equation in (1.3) contains two new linear terms, the classical Coriolis
force term ω × u (up to a multiplicative constant) and the term (ω × x) · ∇u which is not
subordinate to the Laplace operator in the unbounded domain Ω. The associated linearized
steady problem represents the modified Stokes system
−ν∆u− (ω × x) · ∇u+ ω × u+∇p = f in Ω,
divu = 0 in Ω,
u(x) = 0 for x ∈ ∂Ω,
u → 0 as |x| → ∞.
(1.4)
The problem (1.4) was analyzed for Ω = R3 in Lq–spaces, 1 < q < ∞, in [7], proving the
estimate
‖ν∇2u‖q + ‖(ω × x) · ∇u− ω × u‖q + ‖∇p‖q ≤ c1 ‖f‖q (1.5)
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where ‖ . ‖q denotes the norm in Lq(Ω)3 or in Lq(Ω)9 and c1 is a positive constant independent
of f , u and p. Similar results were obtained in [5] and [6] in the case when the last condition in
(1.4) was replaced by u→ u∞ (for |x| → ∞) where u∞ is a non–zero constant translational
velocity, parallel to ω. For related Lq–results on weak solutions to (1.3) we refer to [17], for
the investigation of several auxiliary linear problems to [25], [26], and for weak solutions to
the Oseen system corresponding to (1.4) with anisotropic weights see [22] (q = 2) or [23]
(1 < q < +∞).
In this paper, assuming 1 < q < ∞, we describe the essential spectrum σess(Lq) of the
Stokes–type operator Lq, defined by the equation
Lqu = νΠσ∆u+ Πσ [(ω × x) · ∇u]−Πσ ω × u. (1.6)
The symbol Πσ denotes the Helmholtz projection of Lq(Ω)3 onto the subspace of v ∈ Lq(Ω)3
such that div v = 0 in the sense of distributions and v · n = 0 on ∂Ω in the sense of traces.




D(Lq) = {v ∈W 2,q(Ω)3 ∩W 1,q0 (Ω)3 ∩ Lqσ(Ω); (ω × x) · ∇v ∈ Lq(Ω)3}.
We shall further treat D(Lq) as a Banach space with the norm
‖v‖D(Lq) := ‖v‖2,q + ‖(ω × x) · ∇v‖q
where ‖ . ‖2,q denotes the norm in W 2,q(Ω)3. The essential spectrum is already known from
[9] for q = 2:
σess(L2) = {λ = α+ ik ∈ C; α ≤ 0, k ∈ Z}. (1.7)
We are going to show that the same identity holds in the case of a general q ∈ (1,∞).
2 The case Ω = R3
If Ω = R3 and u ∈ D(Lq), then both terms ν∆u and [(ω × x) · ∇u] − ω × u belong to
Lqσ(R3). Therefore, the projection Πσ in (1.6) can be omitted and the operator Lq can be
simplified to
Lqu = ν∆u+ [(ω × x) · ∇u]− ω × u.
The next theorem provides information on solutions of the resolvent equation
Lqu− λu = f (2.1)
for f ∈ Lqσ(R3).
Theorem 2.1 Suppose that 1 < q <∞, f ∈ Lqσ(R3) and λ = α+iβ (α, β ∈ R) where either
α > 0 or β 6= k for all k ∈ Z. Then the equation (2.1) has a unique solution u ∈ D(Lq).
There exists a real constant c2 depending only on λ and q such that u satisfies the estimate
‖u‖q ≤ c2 ‖f‖q . (2.2)
Consequently, λ belongs to the resolvent set of the operator Lq.
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Proof. Equation (2.1) can be written in the form
ν∆u+ (ω × x) · ∇u− ω × u− λu = f . (2.3)
Of course, u is also required to satisfy the condition divu = 0. Due to the geometry of
the problem it is reasonable to use cylindrical coordinates (r, θ, x3) in R3. Then the term
(ω × x) · ∇u, which equals −x2 ∂1u+ x1 ∂2u, can be expressed as
(ω × x) · ∇u = ∂θu.
At first suppose that f belongs to Schwartz’ space S(R3)3 of so-called rapidly decreasing
functions. We shall denote by F the Fourier transform, by F−1 its inverse, by ̂ Fourier
images of functions, by ξ = (ξ1, ξ2, ξ3) their Cartesian variables, and we put s = |ξ|. Then
we look for a solution u of (2.1) in the form
u(x) = F−1[ û ](x) = 1(2pi)3/2
∫
R3
eix·ξ û(ξ) dξ. (2.4)
Substituting (2.4) to (2.3), we obtain
(λ+ νs2)û− ∂φû+ ω × û = −f̂ . (2.5)
Here ∂φû denotes the angular derivative





when using cylindrical coordinates (ρ, φ, ξ3) in the space of Fourier variables. The equation
divu = 0 leads to the condition iξ · û = 0. Now û can be considered to be a solution of
the first order ordinary differential equation (2.5) with respect to the angular variable φ.
Writing û in the form
û(ρ, φ, ξ3) = O(φ) v̂(ρ, φ, ξ3),
one verifies that ∂φû = O(φ) ∂φv̂+ω× [O(φ)v̂] and that (2.5) is equivalent to the equation
−∂φv̂ + (λ+ νs2)v̂ = −O(φ)T f̂ .
Its solution v̂ satisfies
v̂(ρ, φ+ 2pi, ξ3) = e2pi(λ+νs




2)(φ+2pi−t) O(t)T f̂(ρ, t, ξ3) dt
= e2pi(λ+νs




2)(2pi−t) O(t+ φ)T f̂(ρ, t+ φ, ξ3) dt.
Since v̂ is a 2pi–periodic function in the variable φ, we have






2)(2pi−t) O(t+ φ)T f̂(ρ, t+ φ, ξ3) dt,






T f̂(ρ, t+ φ, ξ3) dt. (2.6)
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Ψ(λ, ξ, t) O(t)TF [f(O(t) · )](ξ) dt (2.7)
where




As is easily seen, the function Ψ satisfies the estimate





if α ≤ 0, β 6∈ Z,
1
1− e−2piα if α > 0 ;
here R+ denotes the positive part of the real axis. Thus, for fixed λ = α+ iβ satisfying the
assumptions of the theorem, |Ψ(λ, · , t)| is bounded in R3 with an upper bound independent




(2pi − t) [e(λ+νs2)(4pi−t) − e(λ+νs2)(2pi−t)]− 2pi e(λ+νs2)(4pi−t)[
1− e2pi(λ+νs2)]2
= −2νξi (2pi − t) e
−(λ+νs2)(2pi+t) + t e−(λ+νs2)t[
e−2pi(λ+νs2) − 1]2 ,
and |ξi|
∣∣∂Ψ/∂ξi∣∣ can be estimated as follows:
|ξi|
∣∣∣∣∂Ψ∂ξi
∣∣∣∣ ≤ 2νs2 (2pi − t) e−(α+νs2)(2pi+t) + t e−(α+νs2)t∣∣e−2pi(λ+νs2) − 1∣∣2
≤ 2ν e−αt (2pi − t) s
2 e−2piνs2 e−2piα + s2t e−νs2t




2pi c3 e−2piα + c4
[dist(e2piiβ; R+)]2
if α ≤ 0, β 6∈ Z,
2ν
2pi c3 + c4
[1− e−2piα]2 if α > 0.
The upper bound of |ξi|
∣∣∂Ψ/∂ξi∣∣ does not depend on t and on ξ. We can similarly estimate
all other terms of the form
|ξ1|κ1 |ξ2|κ2 |ξ3|κ3
∣∣∣∣ ∂κ1+κ2+κ3Ψ∂ξκ11 ∂ξκ22 ∂ξκ33
∣∣∣∣
where κ1, κ2, κ3 are equal to zero or one.










Applying Lizorkin’s multiplier theorem (see e.g. [10], p. 375) and using the estimates of Ψ
and its derivatives discussed above, we derive the inequality∥∥∥F−1[Ψ(λ, ξ, t) F [f(O(t) · )](ξ)] ∥∥∥
q
≤ c5 ‖f‖q (2.9)
where c5 = c5(λ, q). Then (2.8) and (2.9) imply that u ∈ Lqσ(R3) and that it satisfies (2.2).
Moreover, by construction, u is a solution of (2.3) in the sense of distributions. In order to
show that u is a strong solution, we still need to verify that it belongs to the domain of the
operator Lq. Consider the auxiliary problem
ν∆v + (ω × x) · ∇v − ω × v −∇p = f + λu in R3,
div v = 0 in R3
(2.10)
for the unknown function v. Theorem 1.1 in [7] says that the problem (2.10) has a locally
integrable solution (v, p) which satisfies
‖ν∇2v‖q + ‖∂θv − ω × v‖q + ‖∇p‖q ≤ c6
(‖f‖q + |λ| ‖u‖q) (2.11)
where c6 = c6(q). Moreover, the set of all solutions of (2.10) has the structure (v + w, p)
where
w = aω + bω × x+ c(x1, x2,−2x3); a, b, c ∈ R.
Therefore, u and v differ at most in the additive linear vector field aω+bω×x+c(x1, x2,−2x3)
which, however, does not affect the validity of (2.11) because ∇2w = 0 and ∂θw−ω×w = 0.
Hence u satisfies (2.11), too, and this inequality and (2.2) yield
‖ν∇2u‖q + ‖∂θu− ω × u‖q + ‖∇p‖q ≤ (c6 + |λ| c2) ‖f‖q. (2.12)
In particular, u defined by (2.8) lies in D(Lq) and is a strong solution of (2.1).
The extension of this result from f ∈ S(R3)3 to all f ∈ Lq(R3)3 follows from the density
of S(R3)3 in Lq(R3)3. 
Theorem 2.2 Suppose that 1 < q <∞ and λ = α + iβ where α ≤ 0 and β = k ∈ Z. Then
λ belongs to the essential spectrum of the operator Lq.
Proof. Transforming the problem (2.3) to cylindrical coordinates (r, θ, x3) and denoting
by u (respectively f) the triplet (ur, uθ, u3) (respectively (fr, fθ, f3)), we obtain that
ν∆u+ ∂θu− λu = f , ∂r(rur) + ∂θuθ + ∂3(ru3) = 0. (2.13)
Suppose that λ = α+ ik where α < 0 and k ∈ Z. Let η ∈ C∞([0, 1]) be equal to zero on




4 ] and equal to one on [
3
4 , 1]. We put
vnr (r) =






for n ≤ r ≤ 2n,
cos
[
ζ(r − 2n)] for 2n ≤ r ≤ 2n+ n2T,
η
(3n+ n2T − r
n
)
for 2n+ n2T ≤ r ≤ 3n+ n2T,
0 for 3n+ n2T ≤ r,
6
where ζ =
√−α/ν and T = 2pi/ζ is the period of the function cos[ζ(r− 2n)] (as a function
of the variable r). Moreover, let ϕ ∈ C∞0 (−∞,+∞) be equal to 1 on [−12 , 12 ] and to 0 on
(−∞,−1] ∪ [1,+∞). Then we define un = (unr , unθ , un3) by


























un3 (r, θ, x3) = 0,
where the constant γn is chosen so that ‖un‖q = 1. Note that the function un satisfies the
second equation in (2.13), the equation of continuity. If we calculate γn, then the decisive
term for large n comes from unθ (r, θ, x3) for 2n ≤ r ≤ 2n+ n2T , to be more precise, it comes
from −(γn/ik) r (dvnr /dr)ϕ eikθ. All other terms are of lower order in powers of n. Now the
















































[2n+ (i− 1)T ]q+1
∫ 2n+iT
2n+(i−1)T







≥ c10 γn n2+5/q.












≤ c11 γn n2+5/q.
From these estimates and from the condition ‖un‖q = 1, we obtain the inequalities
c12
n2+5/q
≤ γn ≤ c13
n2+5/q
for all n ∈ N (2.14)
where c12 ≡ c12(α, k, q) and c13 ≡ c13(α, k, q) are appropriate positive constants.
Substituting un to the left hand side in the first equation of (2.13), we calculate that the
corresponding right hand side is fn = gn eikθ where gn ≡ (gnr , gnθ , gn3 ) depends only on the
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variables r, x3. To be more precise,
gnr (r, x3) = 0 for 0 ≤ r ≤ n, (2.15)




















































for n ≤ r ≤ 2n, (2.16)























for 2n ≤ r ≤ 2n+ n2T, (2.17)
and



















































for 2n+ n2T ≤ r ≤ 3n+ n2T, (2.18)
gnr (r, x3) = 0 for 3n+ n
2T ≤ r. (2.19)
By analogy with the relation between unr and u
n




r gnr (r, x3)
]
/ik.
Furthermore, gn3 (r, x3) = 0 for all r ≥ 0 and x3 ∈ (−∞,+∞).
Now we need to estimate the norm of fn in Lq(R3)3 and to show that
‖fn‖q −→ 0 for n→∞. (2.20)
Let us begin with the first term on the right hand side of (2.16), multiplied by eikθ. This
term is defined for n ≤ r ≤ 2n, 0 ≤ θ ≤ 2pi and −∞ < x3 < +∞. Thus its contribution to
































here C is a generic constant which is independent of n ∈ N. The right hand side tends to zero
as n→∞ due to (2.14). We arrive at the same conclusion when dealing with other terms on
the right hand sides of (2.15)–(2.19) and also with all corresponding terms in the expression
of gnθ . (Naturally, all terms must be multiplied by e
ikθ.) Let us consider one more example:
the first term on the right hand of (2.17) defined for 2n ≤ r ≤ 2n + n2T , 0 ≤ θ ≤ 2pi and
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Due to (2.14), the right hand side again tends to zero as n→ +∞. In this way we successively
verify (2.20).
Thus we have constructed a sequence {un} in the unit sphere in Lqσ(R3) such that
‖(Lq − λI)un‖q → 0 as n → ∞. The sequence {un} is not compact in Lqσ(R3) because
the intersection of supports of any infinite family of functions chosen from this sequence is
empty. This proves that the chosen number λ = α + ik (α < 0, k ∈ Z) is in the essential
spectrum of the operator Lq. Due to the closedness of the essential spectrum, each λ of this
form belongs to the essential spectrum of Lq even if α ≤ 0. 
Theorems 2.1 and 2.2 imply that
σ(Lq) = σess(Lq) = Λ :=
{
λ = α+ ik; α ∈ R, α ≤ 0, k ∈ Z} (2.21)
where σ(Lq) denotes the full spectrum of Lq.
3 The case of an exterior domain Ω ⊂ R3
Theorem 3.1 Let Ω be an exterior domain in R3. Then the essential spectrum of the
operator Lq, 1 < q <∞, has the same form as in the case Ω = R3, i.e., σess(Lq) = Λ where
the set Λ is defined in (2.21).
Proof. At first let us show that Λ ⊂ σess(Lq). Let λ ∈ C have the form λ = α+ ik where
α < 0 and k ∈ Z. The supports of the functions un, constructed in the proof of Theorem 2.2,




2 > n} and consequently of Ω for n ≥ n0, n0
sufficiently large. It means that the sequence {un} (starting from n = n0) is a non–compact
sequence in the unit sphere in Lqσ(Ω) satisfying
‖(Lq − λI)un‖q −→ 0 as n→∞. (3.1)
Consequently, λ ∈ σess(Lq). The inclusion Λ ⊂ σess(Lq) now follows from the closedness of
σess(Lq).
Now let us verify the opposite inclusion, i.e. σess(Lq) ⊂ Λ, by contradiction: Suppose
that there exists λ ∈ σess(Lq) such that λ 6∈ Λ. Then the approximate nullity of the operator
Lq − λI equals +∞. Using this information we will construct by mathematical induction a






for all m ∈ N, where Lm denotes the linear hull of the functions u1, . . . , um. Suppose that
we have already constructed u1, . . . , un satisfying ‖(Lq−λI)uj‖q ≤ 1/j for j = 1, . . . , n and
9
(3.2) for all m = 1, . . . , n− 1. To n+1 = 1/(n+ 1) there exists an infinite dimensional linear
manifold Mn+1 in L
q
σ(Ω) such that ‖(Lq − λI)u‖q ≤ n+1 for all u ∈ Mn+1. Then due to





The sequence {un} obviously satisfies
‖(Lq − λI)un‖q ≤ 1
n
for all n ∈ N. (3.3)
Denote fn := (Lq − λI)un. Then there exists ∇pn ∈ Lq(Ω)3 such that
ν∆un + (ω × x) · ∇un − ω × un − λun −∇pn = fn, divun = 0 (3.4)
in Ω. Using Theorem 1.1 in [7], see also estimate (1.5) in Section 1, we deduce that
‖ν∇2un‖q + ‖(ω × x) · ∇un − ω × un‖q + ‖∇pn‖q ≤ c1
(‖fn‖q + |λ|) ≤ c14 (3.5)
where the constant c14 > 0 does not depend on n. Due to (3.5) and the identity ‖un‖q = 1,
the sequence {un} is bounded in the space D(Lq). Hence there exists a subsequence which
is weakly convergent in D(Lq). In order not to complicate the notation, we shall denote the
subsequence again by {un}. The subsequence naturally preserves the property (3.2).
Put vn := (un+1 − un)/δn where δn = ‖un+1 − un‖q ≥ 1. Then {vn} is a sequence in
the unit sphere in Lqσ(Ω) which converges weakly to zero in D(Lq). Hence {vn} converges
strongly to zero in W 1,q(Ω∩BR(0))3 for each R > 0. Note that the function vn satisfies the
equation
ν∆vn + (ω × x) · ∇vn − ω × vn − λvn − 1
δn
∇(pn+1 − pn) = 1
δn
(
fn+1 − fn) (3.6)
in Ω. This equation, together with the information on the weak convergence of {vn} to zero
in D(Lq), implies that the sequence {∇(pn+1 − pn)} weakly converges to zero in Lq(Ω)3.
Thus, the functions pn, which are given uniquely up to an additive constant, can be chosen
so that pn+1 − pn → 0 strongly in Lq(Ω ∩BR(0)) for each R > 0.
The sequence {vn} does not contain any subsequence, convergent in Lqσ(Ω). Let us prove
this statement by contradiction: Assume that {vkn} is a convergent subsequence of {vn}
in Lqσ(Ω). This subsequence has the same weak limit as {vn}, hence vkn ⇀ 0 in Lqσ(Ω) as
n → ∞. The strong limit in Lqσ(Ω) cannot differ from the weak limit, hence vkn → 0 in
Lqσ(Ω) as n→ +∞. However, this is impossible because ‖vkn‖q = ‖ukn+1 − ukn‖q ≥ 1.
Suppose that R > 0 is so large that the domain {x ∈ R3; |x| > R} is a subset of Ω. Let
ψ be an infinitely differentiable cut–off function defined in R3 such that
ψ(x) =
{
0 for 0 ≤ |x| ≤ 54R,
1 for 74R ≤ |x|.
Put wn(x) := ψ(x)vn(x)− V n(x) where V n is a function which corrects the divergence of
ψvn so that wn is divergence–free, i.e., divV n = ∇ψ · vn. Since the support of ∇ψ · vn is
contained in {x ∈ R; 54R ≤ |x| ≤ 74R}, it follows e.g. from [2] that an appropriate function
V n with support in {x ∈ R; R ≤ |x| ≤ 2R} can be constructed. Moreover, there exist
positive constants c15 and c16, independent of n, such that
‖V n‖2,q ≤ c15 ‖∇ψ · vn‖1,q ≤ c16 for all n ∈ N. (3.7)
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Using equation (3.6), we derive that wn satisfies






(fn+1 − fn)− 1
δn
∇ψ (pn+1 − pn) + ν (∆ψ)vn + 2ν∇ψ · ∇vn − ν∆V n
+ (ω × x) · (∇ψ ⊗ vn)− (ω × x) · ∇V n + ω × V n + λV n. (3.8)
The right hand side converges strongly to zero in Lq(Ω)3 as n→∞. (This follows from the
strong convergence of {vn} to zero in W 1,2(Ω∩BR(0))3, the strong convergence of {pn+1−pn}
to zero in Lq(Ω ∩ BR(0)), from (3.7) and from the information on the support of ∇ψ and
∆ψ.) Hence
‖(Lq − λI)wn‖q −→ 0 as n→∞. (3.9)
In order to estimate the norm of wn for large n, let us choose  > 0 arbitrarily small. Then



























≥ 1−  .
Let us now normalize the sequence {wn} by dividing each of the functions wn by its norm in
Lqσ(Ω). In order to preserve a simple notation, let us denote the normalized functions again
by wn. If we finally put wn(x) = 0 for x ∈ R3 −Ω, we obtain a sequence in the unit sphere
in Lqσ(R3), which does not contain any subsequence converging in Lqσ(R3), satisfying (3.9)
with ‖ · ‖q being the norm in Lq(R3)3. The existence of the sequence {wn} with all these
properties implies that λ belongs to the essential spectrum of the operator Lq, considered
as an operator in Lqσ(R3). However, we know from Section 3 that this essential spectrum
coincides with the set Λ, see (2.21). Hence λ ∈ Λ, which is the desired contradiction.
The theorem is proved. 
Remark 3.1 Note that in the case Ω = R3 the identity (2.21) describes not only the essential
spectrum of the operator Lq, but also its full spectrum. However, we have not proved the
same proposition in the case of a general exterior domain Ω: Theorem 3.1 describes the
essential spectrum of Lq and not its whole spectrum. The reason is that we can construct a
solution of the resolvent equation (2.1) in Ω = R3 by means of the Fourier transform which
cannot be used in the case of a general exterior domain Ω.
Remark 3.2 We remind that the body in R3 has so far been supposed to rotate with the
angular velocity ω = (0, 0, 1). If the angular velocity ω equals the vector (0, 0, ω) where ω is
a non–zero scalar constant, then we can prove in the same way that
σess(Lq) =
{
λ = α+ ikω; α ∈ R, α ≤ 0, k ∈ Z} ; (3.10)
this identity holds both in the case of the whole space R3 and in the case of an exterior
domain Ω.
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